Based upon previous calculations of about 280 proper frequencies of the sodium chloride lattice, these frequencies have been used to determine the specific heat of NaCl according to Born's theory. It is shown that this number of frequencies is sufficiently large to make the determination of the frequency distribution and, therefore, of the specific heat possible. Agree ment with experiment is obtained. It is shown in agreement with Blackman's investigations that the deviations from Debye's theory as found experiment ally are due to Debye's assumption of a v2 law for the frequency distribution instead of the distribution following from the atomic theory.
Introduction
The desirability of comparing Born's theory of'the specific heat of crystals (1923) with experimental data and with the results of Debye's theory (1912) has often been emphasized. Blackman's investigations (1935 Blackman's investigations ( a, b, 1937 have already clearly illustrated th at Born's theory is fitted to explain the behaviour of the specific heat at low temperatures; however, the difficulties in calculating the frequency spectrum of a crystal, under assumptions on the forces which approximate the forces in a real crystal more closely than Blackman's models, have so far been the main obstacle in carrying out an actual comparison. [Other calculations for a crystal model have been made by P. Ch. Fine (1939) .] Vol. 178. A. In a recent paper (1940) (in the following quoted as (K. 1940)), I have calculated about 280 proper frequencies of the sodium chloride crystal according to Born's theory and obtained the frequency distribution curve for this lattice.
I t will be shown here th a t already with this comparatively small number of frequencies and in spite of other minor approximations, a calculation of the specific heat from this distribution curve gives results in satisfactory agreement with experiment and can account for the variation of Debye's critical temperature 6 which according to Debye's theory should be constant.
D etermination of the frequency spectrum and SPECIFIC HEAT
I shall calculate the specific heat of sodium chloride using the results of my previous paper.
Let N(v) be a function describing the distribution (density) of proper frequencies vi n a crystal, then the specific heat of 1 mole of the crystal given by
Cv = k^N (v)E (^dv.
( 1.0)
Here E(x) is the Einstein function -p S * -< « > h and k are Planck's and Boltzmann's constants respectively, and T is the absolute temperature. The function N(v) is normalized so th a t its integral taken over the of the spectrum gives the total number of frequencies in one mole of the crystal. I f the cell of the lattice contains as many atoms (or ions) 
I
N{v)dv = 3 s N( 8 = 2, for NaCl).
In general, the frequencies of a crystal can only be obtained by numerical methods, since the derivation of an analytical expression for the function N(v) is very involved. Even to obtain a good numerical approximation is difficult since the calculation of the frequencies is already tedious, and the determ ination of an unlimited num ber of frequencies is not feasible. A t first sight, this seems to be a disadvantage of a calculation of the specific heat, based upon a relatively meagre num ber of frequencies. Considering the practically infinite num ber of waves exp r)} (cf. K. 1940) with wave vector k which represents the normal modes of vibration of a crystal, one ought to calculate a very high number of frequencies and count the number of frequencies in equal volume elements of the phase (k -) space, in order to get a really good approxim ation to the distribution function N{v).
I t will, however, be seen in the following th a t the present calculation is sufficient to give a relatively close approximation.
In the previous paper (K. 1940) I have calculated about 280 frequencies corresponding to 48 points of the phase space, defined in suitable units by
kx, ky, kz, all odd or all even.
Since from reasons of symmetry, each vector k in this interval determines a further number of frequencies in the whole of the phase space (the average weight factor is about 24), the number of frequencies calculated determines about 6700 frequencies in the whole of the phase space. As already mentioned there, the distribution curve plotted previously (K. 1940, p. 547) contained a slight error in the counting of the frequencies (more precisely, in the weight factor of several frequencies). I have, therefore, plotted the corrected distri bution curve here (figure 1) in otherwise the same way as in the former paper.
The features of the curve are essentially the same as those of the older graphs. The main deviations are a slight shift of some of the maxima, as given below in detail, and a change of the normalization constant 6 N x 0*32 x 10~13 sec., instead of 6
Nx 0*33 x 10_13sec cies the distribution function is proportional to v2 (N(v) = K v2), and the constant K is here found to be K = M x 10-38 sec.3
There might be another small maximum a t the end of the spectrum. But the number of frequencies calculated is not large enough to enable us to draw definite conclusions.
In the main one finds again (cf. K. 1940) three definite maxima (figure 1). The frequencies belonging to longitudinal optical waves (l.o.) , to longitudinal figure 1 is due to the two maxima (t.o.) at w = 2-85 x lO^sec.-1 and (l.a.) at o) = 3-Ox 1013sec.-1 respectively, as compared with 2-8 5 x lO 13 and 2*9 x 1013sec._1 in the older paper. Two more maxima, (t.a.) and (l.o.), are found, one a t o) = 1*9 x 1013 sec.-1 and the other a t 4*1 x 1013 sec.-(previously: 1*8 x 1013 and 4*2 x 1013). For our purposes the maximum a t a) = 1-9 x 1013sec.-1 is the most interesting, since it shows clearly the deviation of the spectrum of a real crystal from a Debye distribution which is a v2 curve going up to a maximum near the residual rays frequency where it is cut off.
I t is encouraging to find good agreement with Blackman's calculation (1937). Blackman has calculated the frequencies corresponding to 30,000 points of the phase space for a simplified model of a crystal. I have not calculated so many frequencies, but Blackman's arguments, which indicate th a t it is not necessary to calculate too large a number of frequencies, also hold in my case, quite apart from the agreement of this calculation with experiment.
In addition to Blackman's arguments (1937, p. 423) , one has only to consider the graphs of the frequencies as functions of the phase vector k (K. 1940, p. 543 ). I t is seen th a t all these curves are smooth. Now the density N (v)is proportional to the volume in phase space between two surfaces of constant frequency and, therefore, will also be a smooth curve.
The density curve as calculated by Blackman is very similar to the curve plotted in this paper. Both graphs show the same characteristic property, namely, the four maxima. In neither case can the possibility of the presence of further maxima be ruled out, but again in neither case is the accuracy of the calculation high enough to make a definite statem ent possible. However, the contribution of such maxima to the specific heat can safely be neglected.
I have calculated the specific heat partly numerically and partly graphi cally. The Einstein function has been tabulated (Nernst 1918; LandoltBornstein 1927) 
Comparison with experiment
In order to compare the calculated values of the specific heat with experimental results, and, a t the same time, to illustrate the deviations from Debye's theory, I have plotted a 0 curve (figure 3 the Gv values directly against the temperature, I have determined a t various temperatures the characteristic temperature 0, belonging to the Cv values according to Debye's theory. The 0 value a t zero tem perature can be calculated without the knowledge of the frequency spectrum (Born and Karman 1912).
One finds
where Q is the atomic volume and v is the mean velocity of propagation of the waves in the crystal. At low temperatures only long waves need be considered, which means th a t one can use the elastic data for the calculation of the mean velocity v. An approximation method for the calculation of v has been given by Hopf and Lechner (1914; cf. also K. Fuchs 1936) . Using the elastic constants as calculated in the preceding paper (K. 1940) one finds for NaCl 0 = 313°K at zero temperature.
Results of experiments on the tem perature dependence of 0 for NaCl have been published by Clusius, Goldman, and Perlick (cf. Keesom 1934) . While a t high temperature 0 has a constant value (0 = 281°K), theseauthors have found a minimum of 0(0 = 275° K a t = 40°) and a rise again for still lower temperatures (0 = 310° K a t T = 10° K pu t forward to explain this deviation from Debye's theory. The results of this calculation, however, furnish a conclusive proof th a t Blackman's explanation has been correct. The failure of Debye's theory to account for the temperature dependence of 0 is due to the assumption of a law for the frequency distribution instead of a spectrum of the kind as plotted in figure 1 , which conforms to the actual properties of a crystal.
The curve of the calculated 0 values (figure 3) coincides with the curve obtained from the measurements by Clusius and collaborators between T = 10° and T = 40° K. I have been unable to find experimental data, measured between T = 40° and T = 100° K, i.e. for the right-hand side of the minimum, but it is seen th a t 0 approaches the constant value 281° K which is found at higher (room) temperatures.
This agreement with experiment is rather remarkable. I t not only suggests th a t the number of frequencies calculated is large enough for the determ ination of the spectrum, but it also justifies some other approxim a tions in the preceding calculations (K. 1940), for instance the neglecting of polarizability and forces, other than Coulomb forces, between next nearest neighbours. The only constant entering the calculations is the compressi bility k in the constant A of the repulsive potential (K. 1940, p. 531) . Actually the experimental value of k, as measured a t room tem perature, has been used. B ut even if this value is corrected, assuming a tem perature coefficient of k of about 10-15 cm.2/dyne x degree for dic/dT, the final results do not change appreciably, as can be seen by recalculating O (2.0) for = 0 with the corrected value of k. The effect of this, as of the o tions, is within the limits of error of the calculation. The result of this calculation makes it desirable to calculate the frequency spectrum of KC1 or other crystals for which more experimental data are available. If the coefficients due to the electric forces, as tabulated (K. 1940) , are used in the equation of motion and the same method for the actual calculation of the frequencies is applied as used there, this would not be too arduous.
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